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ABSTRACT 
Recently the authors extended to positive semidefinite matrices converses of matrix 
inequalities corresponding to ratios and differences of means and of Holder’s inequality. 
Here, further generalizations are given to the case of the weighted sum of matrices. 
INTRODUCTION 
Many well-known inequalities involve negative powers of positive definite 
Hermitian matrices and hence cannot be simply extended to positive semidefinite 
matrices. Extensions of such inequalities by the use of generalized inverses were 
given in [3]. Generalizations to the case of several vectors were given in [4]. Here 
we give a further generalization to the weighted sums of matrices. 
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Notation and Previous Results 
Given any matrix A with complex entries, there exists a unique matrix A+ 
satisfying 
AA+A = A, A+AA+ = A+, AA+ = (AA+)*, A+A = (A+A)*, 
where * denotes conjugate transpose. A+ is called the (Moore-Penrose) general- 
ized inverse of A. 
Let A be a positive semidefinite Hermitian matrix of order n and rankk. Let 
those roots of A which are strictly positive be ordered as al L )c2 2 . . . >_ hk > 0. 
For simplicity of notation, if r < 0, we shall use A(‘) for (A+)-‘. Note that, with 
r < 0, (A+)-’ = (A-r)+. Also, if k = n, then A+ = A-’ and A(‘) = A’. 
In our proofs we need the following result from [4]: 
LEMMA 0.1 Let r and s be real numbers, r < 0, s > 0. Let A be a positive 
semidefinite Hermitian matrix of order n and rank k. Let those roots of A which 
are strictly positive be ordered as A4 > A.1 > 12 > . . . z & 2 m > 0, M > m. 
Set 
M’-m’ 
a = MS _ mS ’ b= 
MSmr - MrmS 
MS-mS ’ (1) 
Let B be a Hermitian matrix that satisfies 
A-‘BA-’ = A-’ 
3 
A-‘B = BA-’ 
and has n - k nonpositive roots. Then for any x such that x*x = 1, 
x*Bx - ax*ASx - b IO. (2) 
Strictequahtyholdsifandonlyifx = ul+ukwhereAut = Mu1 andAuk = mUk. 
Results for Means 
First we state a theorem that follows readily from Lemma 1. 
THEOREMS. Letrandsberealnumbers,r~O,s>O.LetA~,j=l,...,u, 
be positive semidefinite Hermitian matrices of order n and rank kj. Let those roots 
of Aj which are strictly positive belong to the interval [m, M], where 0 < m -C M. 
Let a and b be deBned by (1). Let Bj, j = 1, . . . , v, be Hermitian matrices that 
satisfy 
A,TrBjAITr = A,:‘, AY’B. - 1 BjA,Tr (j = l,...,u) 
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a& have n - kj nonpositive roots. Further, let Wj, j = 1, . . . , V, be positive 
numberswith~~,lwj=l,andletxj, j=l,...,v,besuchthatx~xj= 1, 
j = 1,. . . , v. Then 
WjxT Bjxj - a Wjxy Ajxj - b 5 0. (3) 
j=l j=l 
Strict equality holds ifand only ifxj = Ujl + Ujkj , j = 1, . . . , V, where Ajujl = 
MUj1 and AjUjkj = mujkj. 
Proofi By (2) we have 
x,TBjxj - axTA;xj - b 5 0. 
Multiplying this inequality by wj, and adding, we get (3). w 
THEOREMS. Letr,s,m,M,Aj,Bj,wj,xj,j = l,..., v, beasinTheorem 
1, and y = M/m. IfEy= WjxTBjxj 2 0, then 
where 
r(y” - Y’) s(y’ - Y”) 
I 
-I/r 
a = (s - r)(yr - 1) (r -s)(y” - 1) f (5) 
Strict equality holds $f Xj = Ujl + Ujkj , j = 1, . . . , V, where Ajujl = MUi,, 
AjUjkj = mUjkj, and 
2 WjU;lUj1 = 
rl(y’ - 1) - s/(y” - 1) 
(6) 
j=l s-r 
Proo$ By Theorem 1, with a and b defined by (l), 
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where g(t) := tl’s(at + b)- ‘jr. The function g(t) is easily seen to have a maxi- 
mum at t = rb[a(s - r)]-’ , which gives the upper bound of (5). 
Strict equality holds if and only if it holds in (4) at 
V 
c wjxj’Ai”xj = rb[a(s - r)]-‘. (7) 
j=l 
Given the condition for strict equality in (3), strict equality in (7) is easily seen to 
hold if and only if it holds in (6). m 
Note that the above proof is similar to the proof of Theorem 2 from [3]. In a 
similar manner to the proof of Theorem 3 in f33, we can prove the following result: 
THEOREMS. Letr,s,M,m,Aj,Bj,a,b,wi,xi,i = l,...,~,bede$nedas 
in Theorem 1. If cp= 1 WiXr BjXi > 0, then 
where 
A = [f?M’ + (1 - fI)m’]“” - [&%fr + (1 -@m’]“‘. 
0 is dejCted ps follows. Let 
h(y) = y”’ - (ay + b)“‘. 
(9) 
Let J denote the open interval joining ms to MS. Let j be the closure of J. There 
is a unique y* E .i where h(y) attains its maximum in .f. This y* lies in J. Set 
e = Y* - ms 
MS --S’ 
Strict equality holds ifand only ifXj = ujl + Ujkj, j = 1, . . . , V, where Ajujl = 
Mujl, AjUjkj =mujk,,and~~=l WjUjlUjl =e.Ifs > 1, theny*istheunique 
solrrtion of h’(y) = 0 in J. b 
Since A(‘) satisfies the conditions for B in Lemma 1, Equations (3 j, (4), and 
(8) yield 
V 
wj$A,!“xj - a c wjxTA;xj - b 5 0, (10) 
j=l j=l 
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where a and b are defined by (l), 
where R is given by (5), and 
where A is given by (9). 
REMARK. Equation (8) required Cy= I wjx; Bjxj > 0. Since 
cy= 1 wjXTA!‘Xj 1: 0 for all xj, we may regard (12) as being satisfied with strict 
inequality when cy= 1 wjXyAy)xj = 0. [A similar remark will be applicable to 
c;= 1 WjXTATXj = 0 in Equation (18).] 
SPECIAL CASES 
Our results generalize anumber of well-known inequalities. Thus, if u = 1 (so 
that we may write A for Aj) and k = n, i.e., A is positive definite, then Af = A-’ 
and B = A(‘) = A’, and our results yield well-known inequalities for positive 
definite matrices. 
Interesting special cases are, for r = - 1, s = 1, 
” v 
c WjxTAjxj + mM c Wjx_,?Bjxj 5 M+m, (13) 
j=l j=l 
REMARK. In our results for (4) we have the condition 
2 Wjxj*Bjxj 2 0. 
j E 1 
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It is obvious that (14) is valid without this condition and thus is a generalization 
of the result 
(x*Ax)(x*Bx) 5 
(M + m)2 
4Mm 
from [2]. 
Note that (14) as well as Theorem 3 are generalizations of 
an inequality of Ky Fan [l]. 
Of special interest is the case where B is the generalized inverse of A. In this 
case (13), (14), and (15) become 
” ” 
c wjX;Ajxj + mM C Wjx~A~xj 
j=l j=l 
lM+m, (16) 
< (M + rnj2 - 
4Mm ’ 
(17) 
5 (hi - fi>2. (18) 
As noted, (18) may be regarded as being satisfied with a strict inequality when 
2 wjxTA:xj = 0. 
j=l 
Hiilder’s Inequality 
The following result will be used to establish a generalization of the converse 
of a matrix form of Holder’s inequality. 
LEMMA 2 [3]. Let r, s, p, and q be real numbers such that r > 0, s > 0, 
0 < p < 1, and p-l + q-’ = 1; let a! = ps - qr. Let Aj, M, m be defined as in 
Theorem 1, and let Cj be Hermitian matrices that satisfy 
A,T’“Cj ATrq = Air’, A,TrqCj = Cj A-” (j= l,...,u) 
and have n - kj nonpositive roots. Then for any Xi, we have 
m-“/q(yn~p-l)x~A~Xj+Ma~P(~a~q-l)X~CjXj > (~*-ll)~~A~+~~j, (19) 
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where y = M/m. 
In a manner similar to the proof of Theorem 1, Lemma 2 yields the following: 
THEOREM 4. Let i, s, p, q, a, y, M, m, Aj, and Cj be as defined in Lemma 2, 
andletwj,xj, j = l,..., v, be defined as in Theorem 1. Then 
m-aIq(y’yIP - 1) 2 wjxi*AS”xj + M”‘P(ya’q - I) 2 WjXTCjXj. 
j=l j=l 
? (v” - 112 WjXT AI”, . (20) 
j=l 
Analogously to the proof of Theorem 5 in [3], we can establish the following: 
THEOREMS. Letr,s,p,q,Aj,Cj,cy,M,m,wj,xj, j=l,..., v,bedeJined 
as in Theorem 4. If xi”= 1 WjxjCjXj > 0, then 
where 
K = P”Pl41 Y l/q al(Pd(yalP - l)‘lP(l - ye+J 
u-1 Y 
(22) 
Since A?“) satisfy the conditions for Cj in Lemma 2, Equations (191, (201, 
and (21) gi:e 
m--(y/q(yaIP _ l)~;Ay~j + M’yIP(y(yIq - l)x~A~‘xj 
> (ya - l)X~A~‘“Xj, (23) 
m--(yIq(yffIP - I) 2 wjxTA?xj + M”‘P(ycr’q - 1) 2 WjxyAp)Xj 
j=l j=l 
> (Y” - l)A- w’x. A. J I* Jl+‘Xj, (24) 
j=l 
(25) 
where K is given by (22). 
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